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We examine constraints on quantum operations imposed
by relativistic causality. A bipartite superoperator is said to
be localizable if it can be implemented by two parties (Alice
and Bob) who share entanglement but do not communicate;
it is causal if the superoperator does not convey information
from Alice to Bob or from Bob to Alice. We characterize the
general structure of causal complete measurement superoper-
ators, and exhibit examples that are causal but not localiz-
able. We construct another class of causal bipartite super-
operators that are not localizable by invoking bounds on the
strength of correlations among the parts of a quantum sys-
tem. A bipartite superoperator is said to be semilocalizable
if it can be implemented with one-way quantum communi-
cation from Alice to Bob, and it is semicausal if it conveys
no information from Bob to Alice. We show that all semi-
causal complete measurement superoperators are semilocal-
izable, and we establish a general criterion for semicausality.
In the multipartite case, we observe that a measurement su-
peroperator that projects onto the eigenspaces of a stabilizer
code is localizable.
I. INTRODUCTION
What are the observables of a relativistic quantum the-
ory? Standard wisdom holds that any self-adjoint op-
erator that can be defined on a spacelike slice through
spacetime is measurable in principle. But in fact, mea-
suring a typical such operator is forbidden by relativistic
causality, and hence impossible.
More generally, it is often stated that the possible
ways that the state of a quantum system can change are
described by quantum operations – completely positive
trace non-increasing linear maps of density operators to
density operators [1,2]. But in a relativistic quantum
theory, typical operations would allow superluminal sig-
naling, and are therefore unphysical.
Relativistic quantum field theory allows us to iden-









causal structure of spacetime [3]. Despite this marvelous
achievement, puzzles and open questions remain. Our
objective in this paper is to understand better the re-
strictions on operations that are imposed by special rela-
tivity. Mostly, we will consider a simplified version of the
problem in which the physical system is divided into two
separated parts: part A, which is controlled by a party
that we will call Alice, and part B, which is controlled by
Bob. Initially, Alice and Bob share a joint quantum state
whose density operator ρAB is not known, and they wish
to transform the state to E(ρAB), where E is a specified
operation.
If Alice and Bob were able to communicate by sending
quantum information back and forth, then they would be
able to apply any operation EAB to their state. We want
to determine what operations they can implement if no
communication (quantum or classical) is permitted. In a
relativistic setting, these are the operations that can be
realized if Alice’s action and Bob’s action are spacelike-
separated events. We will, though, permit Alice and Bob
to make use of a shared entangled ancilla state that might
have been prepared earlier and distributed to them.
While Alice and Bob are permitted to perform mea-
surements, Bob cannot know the outcome of Alice’s mea-
surement, and Alice cannot know the outcome of Bob’s.
Therefore, we will largely restrict our attention to trace-
preserving quantum operations, also known as superoper-
ators, where no postselection of the quantum state based
on the measurement outcome is allowed. We say that
a bipartite superoperator is localizable if it can be im-
plemented by Alice and Bob acting locally on the shared
state and the shared ancilla, without any communication
from Alice to Bob or Bob to Alice.
Another important concept is that of a causal opera-
tion. We say that an operation is causal if it does not
allow either party to send a signal to the other. More
precisely, imagine that Bob applies a local superoperator
B to his half of the state he shares with Alice just before
the global operation E acts on the joint system, and that
Alice makes a local measurement on her half just after E
acts. If Alice’s measurement can acquire any information
about what operation was applied by Bob, then we say
that Bob can signal Alice. The operation is causal if no
such signaling is possible in either direction.
Entanglement shared by Alice and Bob cannot be used
to send a superluminal signal from Alice to Bob or from
Bob to Alice. Therefore, any localizable superoperator is
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surely a causal superoperator. What about the converse?
It might seem reasonable to expect that any operation, if
it respects the principle that information cannot propa-
gate outside the forward light cone, should be physically
realizable in principle. However, we will show otherwise
by exhibiting some examples of superoperators that are
causal but not localizable.
We obtain weaker notions of localizability and causal-
ity by considering communication in just one direction.
We say that a superoperator is semilocalizable if it is pos-
sible to implement it with one-way quantum communi-
cation from Alice to Bob. Such operations are physically
realizable if Bob’s action takes place in the future light
cone of Alice’s action. Similarly, we say that an opera-
tion is semicausal if it does not allow Bob to send a sig-
nal to Alice. Obviously, a semilocalizable superoperator
is semicausal – communication from Alice to Bob cannot
help Bob to send a message to Alice. What about the
converse? If one believes that causality is a very spe-
cial property of operations that is not likely to hold “by
accident,” then it is natural to formulate the following
conjecture, suggested to us by DiVincenzo [4]:
Conjecture Every semicausal superoperator is semilo-
calizable.
We will prove this conjecture for the special case of com-
plete orthogonal measurement superoperators. Whether
it holds in general remains an open question.
The problem of characterizing what measurements are
possible was raised by Dirac [5], and interesting examples
of impossible measurements were pointed out in [6–8].
That relativistic causality may restrict the operators that
can be measured in a field theory was first emphasized by
Landau and Peierls [9] (though their particular concerns
were well answered by Bohr and Rosenfeld [10]). More
recently, these restrictions have been noted by a variety
of authors [11–16]. In [17], we have addressed some par-
ticular causality issues that arise in non-Abelian gauge
theories.
To apply our notion of localizability to quantum field
theory, we must adopt the convenient fiction that the en-
tangled ancilla is an external probe not itself described by
the field theory, and that its local coupling to the fields is
completely adjustable. This idealization is highly ques-
tionable in a quantum theory of gravity, and even for
quantum field theory on flat spacetime it is open to crit-
icism. In particular, field variables in spatially adjacent
regions are inevitably entangled [3], so that no strict sep-
aration between field and ancilla variables is really possi-
ble. On the other hand, if the probe variables are “heavy”
with rapidly decaying correlations and the field variables
are “light,” then our idealization is credible and worthy
of study.
Should the conjecture that semicausality implies
semilocalizability prove to be true, then we will have a
general and powerful criterion for deciding if a superoper-
ator can be executed with one-way communication. Even
so, we will lack a fully satisfactory way of characterizing
the observables of a relativistic quantum theory, as no
communication is possible if an operation is carried out
on a spacelike slice. The existence of causal quantum op-
erations that are not localizable establishes a perplexing
gap between what is causal and what is local.
In §II, we formulate precise definitions of causal, semi-
causal, localizable, and semilocalizable, and we point out
a large class of localizable superoperators characterized
by local stabilizer groups. We describe the general struc-
ture of semicausal and causal complete measurement su-
peroperators in §III, show that semicausal complete mea-
surement superoperators are semilocalizable in §IV, and
exhibit some causal complete measurement superopera-
tors that are not localizable in §V. In §VI, we exploit
bounds on the strength of quantum correlations to con-
struct another class of causal superoperators that are not
localizable, and we note a connection between localizabil-
ity and quantum communication complexity. We prove
in §VII that a semicausal unitary transformation must be
a tensor product. Some further criteria for semicausality
are developed in §VIII, and §IX contains some concluding
comments. Proofs of two of our theorems are included as
appendices.
II. CAUSALITY AND LOCALIZABILITY
In this section, we formally define the properties of
quantum operations that we wish to explore – causality,
semicausality, localizability, and semilocalizability – and
we discuss some examples that illustrate these concepts.
A. Causality
Any permissible way in which the state of a quantum
system can change is described by a quantum operation,
a completely positive trace-nonincreasing linear map of
density operators to density operators. An important
special case is a trace-preserving map, or superoperator.
A superoperator E can be interpreted as a generalized
measurement with an unknown outcome; its action on a







where the operation elements Mµ obey the normalization
condition ∑
µ
M †µMµ = I . (2)
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